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Abstract. We have studied the zero-field susceptibility associated with the surface layer of the 
Heisenberg and the king ferromagnets on a semi-infinite simple cubic lattice by using the 
Oguchi method and the constant-coupling approximation. Surface critical temperatures are 
calculated for general spin and for all values of the bulk exchange constant J and the surface 
exchange constant J ,  = (1 + A)J. The minimum values of A, denoted Ac, which allow 
surface phase transitions to occur, are determined. It is found that A< decreases as the spin 
value increases, and Ac for the Heisenberg ferromagnet is higher than the corresponding 
value for the Ising ferromagnet. 
1. Introduction 
Recently there have been some molecular-field studies on the thermodynamic properties 
associated with the surface layer of a semi-infinite ferromagnet (Chen and Hsue 1974, 
Mills 1971, 1973, Sukiennicki and Wojtczak 1973, Wolfram and Dewames 1972). 
It is assumed that the system can be described by the Heisenberg Hamiltonian with 
exchange interaction between nearest-neighbour spins in a simple cubic lattice. The 
exchange constant in the surface layer is J, = (1 + A)J, and the exchange constant 
elsewhere is J. It has been found in the molecular-field approximation that if the surface- 
exchange constant is larger than the bulk-exchange constant by more than 25% (A > 
0.25), the surface critical temperature T,” is higher than the bulk transition temperature 
T:. That is, T,‘ = (4 + 4A + 1/46) T:/6. 
In the molecular-field approximation one replaces all the exchange interactions in 
the crystal lattice by an effective field, so that certain properties of the Heisenberg 
Hamiltonian Si. S j  are completely lost. For instance, the short-range order does not occur 
in the molecular-field approximation for temperatures higher than q. It is also well 
known that the molecular-field theory predicts higher critical temperatures than a 
more exact theory does. It is expected that the critical value of A( =0.25) determined by 
the molecular-field theory is inaccurate. 
The main purpose of this paper is to determine the surface phase transition tempera- 
tures and the critical values of A, denoted Ac, by using better approximations. We investi- 
gate the high-temperature susceptibility of the surface layer and determine the critical 
t Work supported by the National Science Council of the Republic of China 
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parameters T: and Ac by using the Oguchi method and the constant-coupling approxima- 
tion. As it is well known that the constant-coupling approximation is superior to the 
Oguchi method, detailed calculations of the Oguchi method will not be presented here. 
We describe the constant-coupling approximation in detail for the spin-i Heisenberg 
ferromagnet. It is straightforward to extend these calculations to higher spin values and 
to the Ising systems. For simplicity, only the final results are given for general spin 
systems. We find that for each spin, Ac for the Heisenberg ferromagnet is higher than that 
for the Ising ferromagnet, and for each model Ac decreases as the spin value increases. 
2. Oguchi method and constant-coupling approximation 
Assume that the semi-infinite simple cubic lattice has a free (100) surface, and occupies 
the space z 3 0. The layer of spins at z = la (a is the distance between neighbouring 
spins) will be referred to as the lth layer. In the molecular-field approximation one 
considers an arbitrary spin Sj in the lth layer, and replaces the pair interaction - 2JSi . S j  
by the single-particle Hamiltonian - 2J(S j , )  Siz, and then assumes the consistency 
condition that all spins in the same layer have the same thermal average ( S t z ) .  
The simplest treatment that makes an improvement on the single-particle approxima- 
tion is the Oguchi method (Oguchi 1955, Smart 1966). In this method we treat the ex- 
change interaction of an arbitrary pair of nearest-neighbour spins in the Ith layer exactly, 
and assume that the pair of spins is coupled to the remainder of the crystal by an effective 
field. We also make the consistency assumption that ( S i , )  = gI for all spins Si in the 
lth layer. The Oguchi Hamiltonian for a pair of spins Si and Sj in the Ith layer is given by 
X I  = - 2 J S , .  s j  - 2J(a,- + 30, + al+J (S, + Sjz) - gpBH(Siz  -k Sjz), (1) 
where the first term is the exchange interaction between the pair of spins, the second 
term is the effective Hamiltonian describing the interaction of the pair and the remainder 
of the crystal, and the last term is the Zeeman energy of the pair of spins in the external 
field H .  In the simple cubic lattice each spin has six neighbours. As one pair of inter- 
actions is treated exactly, the effective-field term is contributed by the other five neigh- 
bours of each spin, three neighbouring spins in the same layer and two spins in the two 
neighbouring layers. Similarly, for a pair of spins Si and Sj in the surface layer, the Oguchi 
Hamiltonian is given by 
Y?o = -241  + A) S i .  S j  - 2J[3(1 + A) CJ,, + ( S ,  + S j z )  - gpaH(Siz + Sjz) .  (2)  
Surface properties of the system can be determined directly from the Hamiltonians. 
Although the Oguch method gives some improvement over the molecular-field approxi- 
mation, the critical temperatures predicted in the Oguchi method are still too high 
(Smart 1966). 
The common assumption in the molecular-field approximation and the Oguchi 
method is that the effective field is proportional to the magnetization. That is, the 
interaction - 2 J S , .  Sj is replaced by the effective-field term - 2 J ( S j z )  Si,. Instead of 
assuming that the effective field is proportional to ( S J ,  the constant-coupling approxi- 
mation assumes that the effective field is a general function of (S,) and T (Kasteleijn 
and Van Kranendonk 1956, Smart 1966). The interaction -2.7s'. Sj is replaced by 
-2JhiSiz where hi  are to be determined by some sort of consistency condition. 
If we replace the second term in equation (1) by the generalized effective-field term 
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-2J(h,-, + 3h, + h,, 1) (S, + SjJ we can show that for the spin-i system: 
20, = (S, + Sjz> = Tr (S, + Sjz) exp (-&/k,T)/Tr exp (-&/k,T) 
(3) 
2 sinh 2K(11, -, + 3h, + h, + + h) - 
exp(-2K)+ 1 + 2cosh2K(hl-, + 3hl+ h,,’ + h)’ 
where K = J/k,T, h = gpBH/2J. 
field approximation, we obtain for the spin4 system 
Similarly, if we replace the effective field -2JajS,, by -2JhjSi, in the molecular- 
0, = 3 tanh K(h, - + 4h, + h,, + h). (4) 
The constant-coupling approximation then assumes that the best choice of h, is when a, 
given by the single-particle Hamiltonian, equation (4), are equal to the values predicted 
by the two-particle Hamiltonian, equation (3). 
We are interested only in the case of small external and effective fields. In this limit, 
equations (3) and (4) reduce to 
- h f - l  + 4[exp(2K)+ l]-’h, - h,+ ,  = h. 
4(1 + A) {exp[2K(1 + A)] - l } - ’ h 0  - h ,  = h. 
( 5 )  
(6) 
With the same procedure, we obtain from the surface layer the boundary condition 
Equation (5 )  is a linear difference equation, its solution can be easily obtained. For 
the effective field in the surface layer 
(7) 
( A  - 2)”2 + ( A  + 2)”’ _ -  h0 
h ( A  - 2)”’ [28 - A + (A’ - 4)”’] 
where A = 4[exp(2K) - 11-’ and B = 4(1 + A) {exp[2K(1 + A)] - 1>-’. For general 
spin S, we find that 
A = - 8S(S + 1) Yi(K, s) - 3Y2(K, S) 
(8) 
2S(S + 1) Y,(K, S) - Yz(K, S) ’ 
8S(S + 1) Yl(K + KA, S) - 3Y2(K + KA, S) 
B =  - ( l + A )  
2S(S + 1) Yl(K + KA, S) - Yz(K + KA, S) ’ 
where 
(9) 
zs 
Yl(K, S )  = 
Y,(K, S) = 
(2s‘ + 1) exp[KS’(S’ + I)], 
S’(S’ + 1) (2s‘ + 1) exp[KS‘(S’ + l)] 
S‘=O 
2s 
S’ =o 
for the Heisenberg ferromagnet, and 
s s  
Y,(K S) = expWmn), 
Y2(K, S) = C 3(m + n)’exp(2Kmn) (10) 
m = -s n = -s 
s s  
m =  -s n =  -s 
for the Ising ferromagnet. 
The zero-field susceptibility per spin associated with the Ith layer is defined as 
x1  = lim ( H  + 0) d(gp,a,)/dH = (gpB)’ (2J)-’ lim ( h  -, 0) daJdh. For convenience, the 
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susceptibilities x l  will be measured in the units ( g / ~ ~ ) ~ / 2 J .  For the surface layer, go = 
SBs(2KS[h + h,  + 4(1 + A)h,]), where B,(x) is the Brillouin function (Chen and 
Hsue 1974). We then obtain 
xo-= (2/3) KS(S + 1) [4(1 + A) (h,/h) + (h,/h) + 11. (1 1) 
Here we have used the result that h, are proportional to h at small external field and for 
T > T,. We see that the surface susceptibility xo and the surface effective field h, diverge 
in the same way. 
In the Oguchi approximation we have found that the surface susceptibility xo has 
exactly the same form as equation (7), but with the constants A = -3  + 3Y,(K, S) 
x [KY,(K,S)]-’,and B = -3(1 + A) + 3Y,(K + KA, S) [KY2(K + KA, S)]-’. 
Table 1. Minimum values of A, which allow surface phase transitions to occur, for some spin 
values S, obtained by the constant coupling approximation (CCA), the Oguchi method and 
the molecular-field approximation (MFA). 
Heisenberg ferromagnet Ising ferromagnet 
Spin S CCA Oguchi MFA CCA Oguchi MFA 
1 -
2 1.000 0.290 0.25 0.352 0,272 0.25 
1 0.467 0.280 0.25 0,316 0.267 0.25 
2 0396 0,276 0.25 0,304 0265 0.25 
5 0.373 0,274 0.25 0.300 0264 0.25 
10 0,369 0.273 0.25 0,299 0.264 0.25 
The surface critical temperature T: can be determined from the poles of equation (7). 
The surface susceptibility xo diverges either at A = 2 or at 2 8  = A - (A2  - 4)’/’. 
These equations are solved numerically. There exists a minimum value of A, denoted Ac, 
below which 2B = A - (A2  - 4)ll2 has no real roots. ;co diverges only at the bulk 
I 
I 
1 I , I I 
0 0 5  1 0  1 5  2.0 
A 
-. Figure 1. Surface phase transition temperatures k,T,S/J as functions of A for spin-: ferro- 
magnets : 
A is obtained by the molecular-field approximation for the Ising and the Heisenberg models, 
B and C by the Oguchi method for the Ising model and the Heisenberg model, respectively, 
and D and E by the constant-coupling approximation for the Ising and the Heisenberg 
models, respectively. Broken curves indicate 7’: > Tt,  and solid curves T: = T:. 
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transition temperature T:, the root of A = 2. The values of Ac for several spins for the 
Heisenberg and the Ising systems are given in table 1. For A > Ac, 2B = A - (A2  - 4)'12 
has a real root, denoted Ti, greater than T:. In this case the surface phase transition 
temperature is higher than the bulk transition temperature. The values of T," for spin4 
systems as functions of A are shown in figure 1 together with the molecular-field results 
(Chen and Hsue 1974). We see that Ac predicted by the constant-coupling approximation 
are much larger than those predicted by the Oguchi method and the mean-field theory, 
and T," determined by the constant-coupling approximation are much lower than those 
obtained by the other two methods. It is important to note that in the constant-coupling 
approximation lim(A +. CO) dT:/dA = 0 for the Heisenberg ferromagnet. This is con- 
sistent with the rigourous result that the two-dimensional Heisenberg model cannot have 
a spontaneous magnetization at any finite temperature (Mermin and Wagner 1966). 
3. Conclusions 
We have determined the surface phase transition temperatures for the Heisenberg 
ferromagnet and the Ising ferromagnet on a semi-infinite simple cubic lattice with the 
exchange constant (1 + A ) J  in the surface layer and J elsewhere. In the Oguchi method 
we find that the surface phase transition occurs for the spin+ Heisenberg model when 
A > 0.29. This value is 16% higher than that obtained in the molecular-field theory. In 
the constant-coupling approximation we find that the surface phase transition occurs 
in the spin-; Heisenberg model for A > 1.0. It is four times as large as the prediction of 
the molecular-field theory. As it is well known that the constant-coupling approximation 
predicts much more accurate critical temperatures than the molecular-field theory or 
the Oguchi method does, we believe that the correct value of Ac will be close to 1.0 for 
the spin4 Heisenberg ferromagnet. We also see that in each model a higher spin system 
has a lower value of Ac, and for a given spin, Ac for the Heisenberg model is higher than 
that for the Ising model. 
Although the Oguchi method and the constant-coupling approximation have made 
considerable improvements over the molecular-field approximation, the critical ex- 
ponents determined by the three methods are exactly the same. The inaccurate estimate 
of the critical exponents is a consequence of the effective-field approximation. We think 
that a more accurate estimate of the critical exponents should be obtained by the high- 
temperature series expansion method. 
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